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Abstract

The issue of entropy generation in Poiseuille–Benard channel flow is analyzed by solving numerically the mass, momentum a
equations with the use of the classic Boussinesq incompressible approximation. The numerical scheme is based on Contr
Finite Element Method with the SIMPLER algorithm for pressure–velocity coupling. Results are obtained for Rayleigh numbersRa and
irreversibilityφ ranging from 103 to 5× 104 and from 10−4 to 10 respectively. Variations of entropy generation and the Bejan numbe
function ofRa andφ are studied. The limit valueφl for which entropy generation due to heat transfer is equal to entropy due to fluid fr
is evaluated. It has been found thatφl is a decreasing function of the Rayleigh numberRa. φl varies from 0.0015 to 0.096 whenRa decrease
from 5× 104 to 103. Stream lines and entropy generation maps are plotted at six times over one period atRa =104 andφ = 10−3. It has
been found that the maximum entropy generation is localized at areas where heat exchanged between the walls and the flow is
No significant entropy production is seen in the main flow.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Entropy generation has recently been the topic of g
interest in many fields such as heat exchangers, turbo
chinery, electronic cooling, porous media and combusti
Datta [1] investigated the entropy generation in a confi
laminar diffusion flame. He shows that the major con
bution to the entropy generation is due to heat tran
within the flame. Baytas [2,3] presented a numerical st
on the minimization of entropy generation in an inclin
enclosure [2] and inclined porous cavity [3]. The infl
ence of Rayleigh number and inclination angle of the
closure on entropy generation is evaluated. It has been
tablished that minimum entropy generation depends con
erably on Rayleigh number and inclination angle of the
closure. Sahin [4] studied the entropy generation in a l
inar viscous flow through a duct with constant wall te
perature. He showed that there could be an optimum
of heat exchanger for which the total irreversibility due
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heat transfer and pressure drop becomes minimum. Dem
and Kahraman [5] studied the entropy generation in a
tangular packed duct with wall heat flux. They showed t
the irreversibility distribution is not continuous through t
wall and core regions. Sahin [6] analytically investigated
tropy generation in turbulent liquid flow through a smoo
duct subjected to constant wall temperature. It was fo
that constant viscosity assumption may yield to a con
erable amount of deviation on entropy generation. Entr
generation and Lyapunov instability at the onset of tur
lent convection were investigated by Castillo and Hoo
[7]. They showed that the two flow morphologies at the sa
Rayleigh number have different rates of entropy genera
and different Lyapunov exponent. The harmonic flow p
duces entropy at greater rate whereas the chaotic flow
a larger maximum Lyapunov exponent. In a recent pa
Narusawa [8] examined the rate of entropy generation b
theoretically and numerically for forced and mixed conv
tion in rectangular duct heated at the bottom. In the th
retical study, he expressed the rate of entropy generatio
a function of relevant non-dimensional thermal and hyd
dynamic fields as well as interaction between the two fie
Effects of the aspect ration of the channel section on the
sevier SAS. All rights reserved.
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Nomenclature

Be Bejan number
CP specific heat at constant pressure . . m2·s-2·K−1

g gravitational acceleration . . . . . . . . . . . . . m·s−2

H channel width . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
k thermal conductivity

of the fluid . . . . . . . . . . . . . . . . . . . kg·m·s−3·K−1

L length of the channel . . . . . . . . . . . . . . . . . . . . . m
Nu local Nusselt number,= |∂θ/∂y|w
Nub local Nusselt number at the bottom wall
Nut local Nusselt number at the top wall
Nu space averaged Nusselt number
〈Nu〉 space and time-averaged Nusselt number
P Pressure nondimensionalized byρu2

av
Pe Peclet number,= Re Pr
Pr Prandtl number,= µCP /k
Ra Rayleigh number,= ρ2gβCP (Th − Tc)H

3/µk

Re Reynolds number,= uavH/ν

s Entropy generation per unit
volume. . . . . . . . . . . . . . . . . . . . . . J·m−3·s−1·K−1

S Entropy generation over the entire
domain . . . . . . . . . . . . . . . . . . . . . . . . . . J·s−1·K−1

〈S〉 time averaged total entropy
generation . . . . . . . . . . . . . . . . . . . . . . . J·s−1·K−1

T dimensional temperature . . . . . . . . . . . . . . . . . . K

To Bulk temperature,= (Th + Tc)/2 . . . . . . . . . . . K
uav averageu-component at the channel inlet m·s−1

U velocity vector nondimensionalized byuav

u,v velocity components nondimensionalized byuav

x, y Cartesian coordinates nondimensionalized byH

Greek symbols

β thermal expansion coefficient . . . . . . . . . . . . K−1

θ dimensionless temperature,
= (T − Tc)/(Th − Tc)

Θ dimensionless period
φ irreversibility distribution ratio
µ dynamic viscosity of the fluid. . . . . kg·m−1·s−1

ν kinematic viscosity of the fluid . . . . . . . . m2·s−1

ρ density of the fluid . . . . . . . . . . . . . . . . . . kg·m−3

τ time nondimensionalized by,= uav/H

Subscripts

c cold
h hot
av average
w wall
l limit
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structure and the rate of entropy generation is the subje
the numerical investigation of Narusawa [8]. He showed
the transition between two and four rolls occurs at the as
ratio 3.02 and 2.95 for Rayleigh number 2427 and 3777
spectively. The transition ofRa = 2427 is accompanied b
a clear discontinuity of the entropy generation whereas
Ra = 3777, the transition occurs without any discontinuit

The performance of an engineering system is degra
by the presence of irreversibilities. Entropy generation
measure of the magnitude of these irreversibilities pre
during any process. The optimization of thermal device
then obtained by the minimization of entropy generati
Usually, the optimization is made via parametrical study
the angle of inclination and/or geometrical parameters of
system. This optimization can not be achieved in our c
because the Poiseulle–Benard channel flow is standa
inclination (horizontal) and in geometry (two parallel wall
For this reason, the optimization of entropy generation is
of study in this article.

The present paper reports a numerical study of entr
generation in the Poiseulle–Benard channel flow. The in
tigation is carried out from the numerical solutions of co
plete Navier–Stokes and energy equations by Control
ume Finite Element Method. During this study, Reyno
and Peclet numbers are fixed atRe = 10 andPe = 20/3
whereas Rayleigh numberRa and irreversibilityφ are var-
ied from 103 to 5× 104 and from 10−4 to 10 respectively
The Poiseuille–Benard channel flow is usually used for c
validation atRe = 10, Pe = 20/3 andRa = 104. Its open
boundary conditions complicated by the exit of convec
rolls constitute a severe test for numerical codes in comp
tional fluid mechanics. Usually, stream lines, Nusselt nu
ber and period of oscillations are determined and comp
with available published solutions. In this study we add
the literature of this flow the entropy generation, irreversi
ity distribution ratio and the Bejan number.

2. Poiseuille–Benard channel flow and boundary
conditions

The system of interest is a horizontal plane channel un
a vertical temperature gradient as indicated in Fig. 1. S
the Reynolds number is fixed at a weak value (Re = 10), un-
der moderate to high values of Rayleigh numbers, conve

Fig. 1. Model of Poiseuille–Benard channel flow.
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rolls appear in the channel alternatively near the lower
the upper walls. This flow is known as Poiseuille–Ben
flow. This channel flow indicated in Fig. 1 would be a si
ple Poiseuille flow if there were no heating or cooling fro
below and Benard flow if the ends were closed. The flow
supposed to be laminar and two-dimensional.

At the channel inlet, the normal component of veloc
is assumed to be zero, and a fully developed parab
profile for the axial velocity is deployed. No-slip bounda
conditions for velocities on all solid walls are used.
avoid discontinuity, the temperature of incoming stream
assumed to vary linearly fromTh at the bottom wall toTc at
the upper wall.

One of the major difficulties encountered in numeri
procedure in fluid mechanics is the outflow boundar
This difficulty arises because the computational domai
bounded whereas the physical domain is unbounded. T
an artificial Open Boundary Condition (OBC) is impose
With well-posed OBC there is no necessity to have a v
large computational domain, whereas incorrect formula
of OBC might propagate to the internal domain and lead
unrealistic results.

The two most popular OBC are the Neumann Bound
Condition (NBC) and the Convective Boundary Conditi
(CBC) [9] formulated respectively as follow:

∂ϕ

∂x
= 0

∂ϕ

∂t
+ un ∂ϕ

∂x
= 0

Where un is usually some normal average velocity a
ϕ represents the dependent variable. In their recent s
of a flow around a square cylinders in a plane chan
Sohankar et al. [10] concludes that the CBC (compare
NBC) is more effective in reducing the CPU time, reduc
the upstream influence of the outlet and then reduc
the necessary downstream extent of the domain. Co
et al. [11] obtained very accurate results by employing C
in the streamfunction–vorticity formulation applied to t
benchmark problem of the flow at low Reynolds numbe
a plane channel heated from below. Detailed investiga
in a recent study of Abbassi et al. [12] shows that C
has a clear superiority to predict the out flow compared
NBC. CBC allows vortices to smoothly pass away fro
the computational domain then, minimize the distort
of the vortices and reduce perturbations that reflect b
into the domain. In the following study the CBC is us
in all numerical computations for all dependent variab
and then large extension of the channel is not neces
Consequently, the aspect ratio is fixed at onlyL/H = 5.
Nicolas et al. [13] showed that this value of aspect ra
is sufficient for a numerical study of Poiseuille–Bena
channel flow with the use of CBC.

Boundary conditions expressed in dimensionless form
as follows:

0 � x �L/H ; y = 0: u= v = 0, θ = 1
.

0 � x � L/H ;y = 1: u= v = 0, θ = 0

x = 0; 0 � y � 1: u= 6y(1− y), v = 0, θ = 1− y

x = L/H ; 0 � y � 1:
∂ϕ

∂τ
+ ∂ϕ

∂x
= 0;

1∫
0

udy = 1

3. Governing equations

Equations are formulated considering the usual hypo
ses of a Newtonian incompressible fluid and the Boussin
approximation is assumed to be valid. In the Cartesian
ordinate system, the dimensionless equations for contin
momentum, and energy may be expressed in the follow
conservative form:

div(U )= 0 (1)
∂u

∂τ
+ div(Ju)= −∂P

∂x

whereJu = uU − 1

Re
grad(u) (2)

∂v

∂τ
+ div(Jv)= −∂P

∂y
+ Ra

Re · Pe
θ

whereJv = vU − 1

Re
grad(v) (3)

∂θ

∂τ
+ div(Jθ)= 0

whereJθ = θU − 1

Pe
grad(θ) (4)

In the above equations the space coordinates, veloc
time and pressure are normalized with respectively the w
H of the channel, the averaged velocity at the channel i
uav, the characteristic timeH/uav, and the characteristi
pressureρu2

av. The dimensionless temperatureθ = (T −
Tc)/(Th−Tc) is referred to suitably defined “hot” and “cold
temperatures.

The thermal heat flux exchanged between the walls
the flow is characterized by the space-averaged Nu
number evaluated as follows:

Nu = 1

L/B

L/B∫
0

Nu dx (5)

WhereNu is the local Nusselt number defined as:

Nu =
∣∣∣∣∂θ∂y

∣∣∣∣
w

The space- and time-averaged Nusselt number is define

〈Nu〉 = 1

Θ

Θ∫
0

Nu dτ (6)

WhereΘ is the period of oscillations of the space-averag
Nusselt numberNu.
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The non-equilibrium of the flow imposed by bounda
conditions causes a continuous entropy generation in
flow field. This entropy generation is due to the irreversi
nature of heat transfer and viscosity effects. From
known scalar fields of temperature and velocity compone
dimensionless local volumetric entropy generation can
expressed in the Cartesian coordinate system of Fig. 1 a

s = sheat transfer+ sfluid friction (7)

Where:

sheat transfer=
(
∂θ

∂x

)2

+
(
∂θ

∂y

)2

sfluid friction = φ
(

2

[(
∂u

∂x

)2

+
(
∂u

∂y

)2]
+

(
∂v

∂x
+ ∂u

∂y

)2)

φ is irreversibility distribution ratio:

φ = µT o

k

(
uav

 T

)2

The first term on the right-hand side of Eq. (7) sho
the local entropy generation due to heat transfer, while
second term shows the local entropy generation due to
friction. The dimensionless total entropy generation for
entire channel is obtained by integrating Eq. (7):

S =
1∫

0

L/H∫
0

s dx dy (8)

To the second law of thermodynamic, processes can o
in a certain direction only, for whichS � 0. Entropy genera
tion S is greater than zero and equal to zero for irrevers
(real) and reversible (ideal) process, respectively. ForS less
than zero the process is impossible.

The time-averaged total entropy generation is defined

〈S〉 = 1

Θ

Θ∫
0

S dτ (9)

The Bejan numberBe which compare the magnitude
entropy generation due to heat transfer to the magnitud
the total entropy generation is defined by:

Be = 〈Sheat transfer〉
〈S〉 (10)

When Be � 1/2, the irreversibility due to heat transf
dominates, while forBe � 1/2 the irreversibility due to
viscous effects dominates. ForBe ∼= 1/2, entropy generatio
due to heat transfer is almost of the same magnitude as
due to fluid friction.

4. Numerical procedure

A modified version of Control Volume Finite-Eleme
Method (CVFEM) of Saabas and Baliga [14] is adapted
:

r

t

the standard staggered grid in which pressure and velo
components are stored at different points. The SIMPLER
gorithm was applied to resolve the pressure–velocity c
pling in conjunction with an Alternating Direction Implic
(ADI) scheme for performing the time evolution. The n
merical code used here is described and validated in
tails in Abbassi et al. [15,16]. From the known temperat
and velocity fields at any instantτ given by solving equa
tions (1)–(4), the local entropy generations is evaluated a
any node of the domain by Eq. (7). The dimensionless t
entropy generation for the entire channelS is easily obtained
by Eq. (8). The evolution ofS for many periods permits th
evaluation of the time averaged entropy generation〈S〉 by
using Eq. (9). From the known temperature gradient at
walls of the channel at any instant, local, space-averaged
time-space-averaged Nusselt numbers are easily evalua

5. Results and discussion

The time averaged entropy generation〈S〉 is a function of
temperature and velocity gradients in thex andy directions
in all the calculation domain.〈S〉 is then a good indicator o
grid dependence. Grid refinement tests have been perfo
for the caseRe = 10, Pe = 20/3 andRa = 104 using three
uniform grids 70×20, 101×26 and 131×31. Results show
that when we pass from a grid of 70×20 to a grid of 101×26
time-averaged entropy generation〈S〉 undergoes an increas
of 7.1%. When we pass from the grid of 101× 26 to the
grid of 131× 31, 〈S〉 undergoes an increase of only 1.6
We conclude that the grid 101× 26 is sufficient to carry ou
a numerical study of this flow. This grid is retained for
following investigations.

Fig. 2 presents the evolution of stream lines and entr
generation maps over one period atRa = 104 andφ = 10−3.
Images are taken at time intervals ofΘ/6, whereΘ is
the dimensionless period equal to 2.63. The starting t
τ = 0 for these images is the instant when the avera
Nusselt number at the bottom wallNub is maximum. This
instant is chosen arbitrary. As shown in Fig. 2, convec
cells appear in alternation near the bottom and the
walls moving in the direction of the main flow as cylinde
turning without translation on walls. Cells on the botto
are turning in the clockwise sense whereas cells on the
wall are turning in the anticlockwise sense. The existe
of convective cells imposes the formation of Von Karma
street centered at the channel axes. The waved structu
the flow imposes to scalar quantities such as tempera
and velocity components to be periodic. At all instan
maps shows that entropy generationS is maximum in
some surfaces alternatively shared near the two walls
significant entropy production is seen in the main flo
Regions of maximum entropy are located at the right
left sides of lower and upper cells respectively. Why d
entropy S is maximum in these locations? The answ
is found in Fig. 3 where we plot the variation of th
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Fig. 2. Evolution during one period of respectively stream lines and entropy generation maps atRa = 104 andφ = 10−3.
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Fig. 2. (Continued).
the
ons

ith
that
d the
local Nusselt numbersNub andNut along bottom and top
walls respectively at same instant corresponding to
first figure of stream lines. We remark easily that regi
of maximum entropy generation coincides exactly w
regions of maximum Nusselt numbers. We can conclude
augmentation of energy exchanged between the flow an
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Fig. 3. Local Nusselt numbersNub andNut respectively along the bottom
and the top walls at the arbitrary starting timeτ = 0 of Fig. 2.Ra = 104.

Fig. 4. Evolutions of the space averaged Nusselt number of the bottom
and the entropy generationS at Ra = 104 andφ = 10−3.

Fig. 5. Time averaged entropy generation versus irreversibility.

walls contribute to an augmentation of entropy genera
via the augmentation of temperature gradient near the w
It should be noted that averaged Nusselt numbersNub
and Nut have a periodic evolution. They are oscillating
opposing phases with the same period than the flow. For
reason, in Fig. 3 we seeNub different thanNut.

Fig. 4 is a plot of the evolutions of the space avera
Nusselt number at the bottom wallNub and the globa
entropy generationS at Ra = 104 andφ = 10−3. Nub which
Fig. 6. Bejan number versus irreversibility.

characterize the heat transferred from the bottom wall to
flow and determined by the use of only temperature grad
is perfectly sinusoidal around the value〈Nub〉 = 2.25 with
dimensionless periodΘ = 2.63. The evolution of the globa
entropy generationS is harmonic but not sinusoidal;
has two maximums and two minimums, both absolute
relative extremes are oscillating around〈S〉 = 11.08. This
is due to the fact thatS is the sum of many temperatu
and velocity gradients. These gradients are not neces
of the same phase and amplitude, their sum has lead t
harmonic signal indicated in Fig. 4. The period ofS is the
same thanNub.

The variation of the time averaged entropy generation〈S〉
as a function of the irreversibilityφ is plotted in Fig. 5.
For a fixed Rayleigh number, then for a fixed tempera
difference T = Th − Tc, 〈S〉 is an increasing function o
the irreversibilityφ , then an increasing function of the bu
temperatureTo = (Th+Tc)/2. The increase of〈S〉 is slow for
weak values ofφ and becomes quick for high values ofφ.
For a given irreversibility value,〈S〉 is also an increasin
function of the Rayleigh number.

The objective of Fig. 6 is the determination of the lim
value of the irreversibility notedφl verifying Be = 1/2 for
different Rayleigh numbers. As we noted earlier, the Be
number compares the entropy generation due to heat tra
to the global entropy generation. For Rayleigh numb
equal to 5× 104, 104, 5 × 103 and 103 the limit valuesφl
of the irreversibility is found respectively equal to 0.001
0.0066, 0.04 and 0.096. For a given Rayleigh number, ifφ is
less thanφl , entropy generation due to heat transfer is m
intense than entropy due to fluid friction.

6. Conclusion

The distribution of entropy generation in 2D lamin
Poiseuille–Benard channel flow has been studied num
cally from direct solutions of complete Navier–Stokes a
energy equations. Reynolds and Peclet numbers were
atRe = 10 andPe = 20/3 whereas Rayleigh numberRa and



1088 H. Abbassi et al. / International Journal of Thermal Sciences 42 (2003) 1081–1088

, the

nel

the
m,
and

o
ase.

.

e,

n-
. 22

ed
99.
h a
ans-

ked

99)

a
Heat

ov
98)

in

dary
18

ow
et of

er.

the
sfer

dy:
ncy,

ted
n of
s 25

ume
uid

ane
(3)

of
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irreversibility φ are varied from 103 to 5× 104 and from
10−4 to 10, respectively. Based on the calculated results
following conclusion can be drown.

(1) Entropy generation is largely higher near the chan
walls than that in the central flow.

(2) Maximum of entropy generation is located just near
walls in the regions where Nusselt number is maximu
i.e., where thermal heat exchanged between the flow
walls is maximum.

(3) For a fixed value of T , the global entropy generationS
increase with increasing the bulk temperatureTo of the
channel.

(4) The limit valueφl of the irreversibility corresponding t
Be = 1/2 increases when the Rayleigh number decre
For Ra equal to 5× 104, 104, 5 × 103 and 103, φl is
respectively equal to 0.0015, 0.0066, 0.04 and 0.096
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